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Since the recent experimental realization of synthetic Rashba spin-orbit coupling paved a new
avenue for exploring and engineering topological phases in ultracold atoms, a precise, solid detection
of Berry phase has been desired for unequivocal characterization of system topology. Here, we
propose a scheme to conduct momentum-space Aharonov-Bohm interferometry in a Rashba spin-
orbit coupled Bose-Einstein condensate with a sudden change of in-plane Zeeman field, capable of
measuring the Berry phase of Rashba energy bands. We find that the Berry phase with the presence
of a Dirac point is directly revealed by a robust dark interference fringe, and that as a function of
external Zeeman field is characterized by the contrast of fringes. We also build a variational model
describing the interference process with semiclassical equations of motion of essential dynamical
quantities, which lead to agreeable trajectories and geometric phases with the real-time simulation of
Gross-Pitaevskii equation. Our study would provide timely guidance for the experimental detection
of Berry phase in ultracold atomic systems and help further investigation on their interference
dynamics in momentum space.
I. INTRODUCTION
Topological orders of matter have recently gained great
attentions in solid-state and cold-atom physics [1–14], for
their characterization of quantum phases in a different
scenario from the conventional Ginzburg-Landau orders
[15, 16] and potential application on fault-tolerant quan-
tum computation [17–19]. A large variety of topological
phases, including quantum Hall states [20–22], topologi-
cal insulators [23, 24], and anomalous Hall states [25–27],
can be characterized by a geometric phase [28], or Berry
phase, of the underlying band structure of the system.
In this context, direct measurement of Berry phase is es-
sential for exploring the new physics of topological states
of matter.
Following the definition of Berry phase, i.e., the adia-
batic phase shift of wavefunction along a closed loop in
parameter space, one could borrow an analogous idea for
the detection of Berry phase from the Aharonov-Bohm
interferometry [29], in which the interference between two
charged particles encircling a magnetic flux measures the
associated geometric phase in real space. Differently,
the interferometry for detecting Berry phase on an en-
ergy band should be performed in momentum space. Al-
though it is a big challenge to realize the electronic inter-
ferometry in solid-state systems, an Aharonov-Bohm in-
terferometer in reciprocal (lattice-momentum) space has
recently been realized with ultracold atoms in optical lat-
tices and has successfully measured the Berry phase of
two-dimensional (2D) hexagonal lattice systems [1, 30].
Ultracold atomic gases exhibit great flexibility and
controllability in engineering exotic, on-demand single-
particle energy bands of a spatially continuous sys-
tem [31–43] . In particular, a distinct type of single-
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particle band governed by 2D Rashba spin-orbit coupling
[44–49] has been experimentally realized in both ultra-
cold Fermi [50, 51] and Bose [52] gases. Since such a band
structure can exhibit a Dirac point, from which crucial
topological properties may emerge, probing its nontrivial
Berry phase is hence among the first experimental pur-
suits after the initial realization in ultracold atoms.
In this paper, we propose a practical scheme that con-
ducts momentum-space Aharonov-Bohm interferometry
in Rashba spin-orbit coupled Bose-Einstein condensates
(BECs), hence measuring the Berry phase along a loop
enclosing the Dirac point. As shown in Fig. 1(a), our
interferometer exploits the intrinsic ring structure in the
Rashba energy band as the interferometer loop and the
controllable detuning δxσx of ultracold atoms as a trigger
FIG. 1. (Color online) (a) Illustration of the momentum-space
Aharonov-Bohm interferometry. A BEC (orange spot) with
Rashba spin-orbit coupling is initially at the ground state A.
After a sudden change of detuning δx, the deformation of en-
ergy spectrum E−(px, py) lifts point A, and then the BEC
wavefunction packet splits into two, separately moving along
paths C and C′ and encountering each other at point B. The
whole path encircles nonzero Berry flux localized around the
tip of the shadow region (the Dirac point if δz = 0), result-
ing in a Berry phase directly indicated by the interference
pattern. (b) Berry phase versus detuning δz, which can be
determined by experimentally measured interference pattern
through the procedure in (a). The inset shows the schematic
Berry curvature, mostly encircled by the ring path, in the
px-py plane.
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2for driving the BEC. A sudden change of δx sets up the
initial BEC state at the highest energy point of the ring
(point A), and as the BEC naturally pursues the lowest
energy (point B), it splits into two, following different
halves of the ring (C and C′) and exhibiting the inter-
ference. Since the whole ring path encloses region with
dense Berry flux, the interference pattern would reflect
the Berry phase as a function of δz, as in Fig. 1(b). At
δz = 0, the Berry phase equal to pi indicates the presence
of a Dirac point.
We adopt two complementary methods, Gross-
Pitaevskii equation (GPE) simulation and variational
analysis, for studying the BEC dynamics and interfer-
ence. Our simulation shows real-time evolution of the
interference pattern for 87Rb BECs in typical cold-atom
experiments, while the variational analysis provides an
informative model capturing the key physical features of
the interference, including the trajectories in momentum
and real space as well as the geometric phase acquired
during the evolution. We also point out proper condi-
tions for external trapping potential and interatomic in-
teraction under which the interferometry procedure suc-
ceeds and discuss why improper trapping frequency or
too strong interaction sabotages the desired dynamics
for the interference. Our results ought to provide timely
guidance for ongoing experimental study on the Rashba
spin-orbit coupled quantum gases.
In Sec. II, we present the model Hamiltonian and
the associated Berry phase on its lowest energy band.
In Sec. III, we discuss the detailed procedure for the
momentum-space Aharonov-Bohm interferometry and its
physical requirement. We then show real-time simula-
tion results, which reveal the relation between interfer-
ence fringe contrast and Berry phase. In Sec. IV, we
propose a variational BEC wavefunction and derive its
equation of motion, which characterizes trajectories of
the two splitting wave packets as well as the accumu-
lated geometric phase during the evolution. Finally, we
make a conclusion in Sec. V.
II. MODEL AND HAMILTONIAN
We consider a Bose gas with atomic mass m and two
hyperfine spin states
(
ψ↑ ψ↓
)T
subject to synthetic
Rashba coupling in x-y plane and tunable Zeeman field.
After integrating out the irrelevant z degrees of freedom,
we write down the effective Hamiltonian,
H =
1
2m
(pˆ2x + pˆ
2
y) + V +HR +HZ +HI, (1)
with
V =
m
2
(ω2xxˆ
2 + ω2y yˆ
2), (2)
HR = λR(pˆyσx + apˆxσy), (3)
HZ = δxσx + δzσz, (4)
HI =
(
g↑↑|ψ↑|2 + g↑↓|ψ↓|2 0
0 g↑↓|ψ↑|2 + g↓↓|ψ↓|2
)
.(5)
Here V is an external trapping potential, HR describes
the Rashba coupling of strength λR and anisotropy fac-
tor a, HZ represents the Zeeman field δz (δx) in the
longitudinal (transverse) direction (with the y compo-
nent set to zero without loss of generality), and HI
results from the spin-dependent mean-field interaction,
e.g., g↑↑ = g↓↓ = 0.9554g↑↓ ≡ g in the following simula-
tion for 87Rb systems.
Given sufficiently weak trapping, the Hamiltonian has
two single-particle energy bands in px-py momentum
space, with the lower one being
E− =
p2
2m
− |~d(p)|, (6)
where p = (px, py) and ~d = (λRpx + δx, λRapy, δz). At
a = 1 and δx = 0, the set of minima of E− form a hor-
izontal ring |p| = √λ4R − 4δ2z/(2λR) in the px-py plane.
If δx 6= 0, the ring structure remains but is inclined such
that it has only one maximum and one minimum at the
two intercepts with the py axis, respectively [as points
A and B in Fig. 1(a)]. Our interferometry is performed
along this Rashba ring path as we will show in Sec. III.
The Berry phase γ in the region enclosed by this ring
loop can be computed as
γ =
∮
Lc
AB · dp =
∫
S
F d2p, (7)
where AB = −i〈ζ(p)|∇p|ζ(p)〉 is Berry connection cor-
responding to eigenstate ζ(p), F = ∇×AB is Berry cur-
vature, and Lc and S denote the loop and the enclosed
region, respectively. For our Hamiltonian, the Berry cur-
vature is related to the unit vector dˆ = ~d/|~d| as
F = 1
2
ij dˆ ·
(
∂idˆ× ∂j dˆ
)
, (8)
where ij is the antisymmetric permutation (Levi-Civita)
symbol, and the Berry phase is equal to half the solid an-
gle swept by dˆ in the loop integral. The Berry phase
depends on both δz and δx but is insensitive to the
latter given δx/λR  1. At δz = 0, the Berry cur-
vature is a delta function centered at the Dirac point
(px, py) = (0, 0), which gives a Berry phase γ = pi. With
δz increasing, the dˆ vector sweeps a less solid angle, and
the Berry phase monotonically decreases as shown in
Fig. 1(b). Therefore, one can continuously change the
Berry phase by tuning δz, in analogy of changing the
magnetic flux in a conventional Aharonov-Bohm inter-
ferometer.
III. INTERFEROMETRY AND SIMULATION
In this section, we discuss how to employ our model
as an Aharonov-Bohm interferometer for detecting the
Berry phase and present the GPE simulation results. In
cold-atom systems, the Rashba spin-orbit coupling is gen-
erated by a set of Raman lasers that couple different spin
3FIG. 2. (Color online) Time evolution (in units of ms) of
down-spin density distribution in px-py (top) and x-y (bot-
tom) planes from GPE simulation (the up-spin component
exhibits same dynamics). (a1)-(a4) A ground-state BEC is
first prepared at a band minimum A. After a change of δx at
t = 0, it starts to split, travel along the ring path. An inter-
ference pattern can then be observed after the tails of wave-
functions meet at the other side of ring (point B). (b1)-(b4)
Corresponding real-space density distributions. The parame-
ters are set as λR = 1.5, a = 1, δz = 1 kHz, δ0 = −350 Hz,
δ1 = 400 Hz, and ng = 0.05.
and momentum states, and the Zeeman energy shift is
determined by the relative detunings of the lasers [50–
52]. All the parameters are highly tunable in the current
experimental setup. We consider a trapped BEC ini-
tially prepared at the ground state of fixed λR, a, δz,
and δx = δ0 < 0, which is a momentum Gaussian wave
packet (due to the trap) centered at the minimum of the
inclined ring or (0,−p0). Then the detuning δx is sud-
denly changed to δx = δ1 > 0 (with other parameters un-
changed). The ring structure is hence inversely inclined,
such that the current location of the condensate becomes
the energy maximum [with a slight deviation ∼ O(δxδ2z),
which is negligible in our case], illustrated as point A in
Fig. 1(a). As a result, the BEC wavepacket will split into
two, which follow separate paths (C and C′, respectively)
and move toward the new energy minimum at the oppo-
site end of the ring (point B). As the two waves meet
and superpose at point B, the dynamic phase cancels out
due to the symmetry between the two paths, while the
geometric phase (Berry phase), as a function of λR, a,
δz, and δx = δ1, can be revealed by the density contrast
of the interference pattern.
We remark that a proper external trap is essential for
driving the motion of the condensate in momentum space
since dpˆ/dt = i[H, pˆ] = i[V, pˆ] 6= 0 (given the negligible
interaction). If there is no trap, any p state is a station-
ary state, so the BEC does not move. However, if the
trapping potential is too strong (comparable to Rashba
coupling strength), it may also spoil the desired ground
state as well as the interference dynamics in our system
[53, 54]. In addition, if the interaction is too strong, the
initial BEC wavepacket spontaneously selects one path
FIG. 3. (Color online) Momentum-space (top) and real-space
(bottom) density distributions for each spins (as labeled on
the bottom-right corner of each panel) from GPE simulation
for δz = 0 at t = 23.44 ms (left four panels) and δz = 3 kHz
at t = 21.71 ms (right four panels), with the other parameters
the same as in Fig. 2. (a1) and (a2): at δz = 0, there is a
dark fringe (with zero density) at point B, reflecting a pi Berry
phase given by the Dirac point. (c1) and (c2): at δz = 3 kHz,
finite density occurs at point B as the Berry phase deviates
significantly from pi.
rather than splits into two parts. This is because the
superposition of two momentum wavepackets leads to a
real-space density wave that costs too much interaction
energy. Furthermore, the Zeeman field δz cannot be too
large. Otherwise the energy-band tip will be flattened,
and consequently, the condensate will not follow the shal-
low Rashba ring groove.
Given the above constraints, our GPE simulation
shows that typical experimental parameters are indeed
suited for realizing the interference as shown in Fig. 2.
In panels (a1)–(a4), we plot density distributions ρ↓(p)
in momentum space at different time frames, with the
starting point on the ring path labeled by A and the
pursued energy minimum by B. Initially, the condensate
locates at A [(a1)], which is lifted from the ground state
by the sudden change in δx. Then the BEC splits into
two, which separately follow the ring loop [as C and C′ in
Fig. 1(a)] toward B [(a2)]. After the two parts encounter
each other at point B, a clear ring-shape interference
pattern forms in momentum-space [(a3, a4)]. Note that
our simulation is preformed in the whole 2D plane with-
out any constraint in coordinates (x, y, px, py). This ring
structure indeed reflects the BEC’s natural motion along
the ring groove toward the lower energy in the Rashba
band. Due to this petal pattern in momentum space, the
condensate also exhibits exotic circular distributions in
real-space [(b1)-(b4)]. In Sec. IV, our variational anal-
ysis of key dynamical variables will show that the tra-
jectories of splitting BEC’s center of mass explain the
pattern exhibited by the GPE simulation results in both
momentum and real space.
Here, we turn to study the interference pattern at vari-
ous Zeeman field δz. The GPE simulation results are pre-
4FIG. 4. (Color online) Fringe contrast C versus δz from the
GPE simulation (blue) and variational analysis (green). Both
show a monotonic increase in C as δz deviates away from 0.
This monotonic behavior can be mapped to the monotonic
trend of Berry phase vs δz in Fig. 1(b), such that C as a mea-
surable can be used for directly determining the Berry phase.
The insets show the momentum-space density distribution for
the corresponding data points with different contrast. All the
parameters except δz are the same as used in Fig. 2.
sented in Fig. 3. In panels (a1) and (a2), for δz = 0, the
density at point B is constantly zero during the evolution
, forming a robust dark fringe that indicates a pi phase
shift between the splitting BECs upon the encounter at
point B. Due to the aforementioned dynamic phase can-
celing, this pi phase shift is contributed purely by the
accumulated geometric phase around the loop, thus con-
firming the presence of a Dirac point. Panels (c1) and
(c2) show a finite density at B for δz = 3 kHz. This
indicates the Berry phase no longer equal to pi as we ex-
pect from the smaller solid angle swept by the dˆ vector.
In Figs. 3 (b) and (d), we plot the corresponding real-
space density distributions. They also exhibit a roughly
ring-shape interference pattern and can be understood
by considering the group velocity and phase dynamics of
the wavepackets, as we will show in Sec. IV.
In order to quantitatively relate the interference pat-
tern with the geometric phase, we define a local fringe
contrast as
C =
∫
s0
dp ρ(p)∫
sn
dp ρ(p)
, (9)
where ρ = ρ↑+ρ↓ is the total density distribution in mo-
mentum space, s0 is a proper dark-fringe region around
point B, and sn ⊃ s0 includes the adjacent bright-fringe
regions (such that 0 ≤ C ≤ 1). While C = 0 all the
time at δz = 0, it becomes nonzero as the interference
occurs for any δz > 0. Note that since the contrast may
slightly oscillates with time, in our simulation, we record
C right after the center of masses of the left and right
parts of BEC both move cross the px axis. In Fig. 4,
we plot C vs δz obtained from the GPE simulation (blue
FIG. 5. (Color online) Momentum and real-space density
distributions for large interaction ng = 0.2 (left four panels)
and anisotropic Rashba coupling a = 0.8 (right four panels)
from the GPE simulation. Convention is the same as Fig. 3.
(a1) and (a2): the whole condensate spontaneously choose
one side of the ring rather than split due to the interaction (at
15.41 ms). (c1) and (c2): a robust dark fringe still occurs at
point B at anisotropic Rashba coupling, indicating that the pi
Berry phase is independent of the deformation in energy band
and interference loop (at 32.32 ms). The parameter changes
also affect the real-space density distribution in the bottom
row. Our variational analysis confirms the same physics.
dots), which fit a monotonically increasing curve (dashed
curve). Mapped onto the monotonically decreasing rela-
tion between Berry phase and δz, as in Fig. 1(b), this
fringe contrast C may act as a good experimental mea-
surable for directly determining the geometric phase of
the energy band. As we will show in Sec. IV, a varia-
tional analysis for the interference dynamics also yields
a comparable C-δ relation (green dots).
Finally, we study the effects of strong interaction and
anisotropic Rashba coupling in the experiment. As men-
tioned above, a reasonably small interaction strength is
favored for our scheme. If the interaction is too strong,
splitting of BEC wavefunction in momentum space will
induce real space density modulation that highly increase
the interaction energy. Consequently, the condensate will
spontaneously select one route rather than equally split.
This is shown by the GPE simulation results in Fig. 5
(a1) and (a2), in which all the parameters are the same
as those in Fig. 3(c,d) except ng = 0.2 is quadrupled. We
see that the axial symmetry is broken in both momen-
tum and real space, and the interference fringes become
more obscure. In experiments, the Rashba coupling can
be anisotropically tuned, i.e., a 6= 1 in Eq. (3). As a
result, the ring structure of the energy band becomes el-
liptical, so does the interference loop. In the right four
panels of Fig. 5, we show the GPE simulation results for
a = 0.8, with the other parameters same as Fig. 3(a,b).
We still see a dark interference fringe with zero density
at point B, indicating the pi Berry phase robust against
the deformation of energy band and interference loop, as
expected for the property of Dirac point.
5IV. VARIATIONAL ANALYSIS
In this section, we reveal salient physical features of the
dynamical interference process with a simply structured
variational wave function. Since we have observed in the
GPE simulation that the BEC wavefunction intends to
split into two under weak interatomic interactions, it is
natural to consider a superposition that can describe the
splitting condensate, as
Ψvar = φLe
iϕ2 cosα+ φRe
−iϕ2 sinα, (10)
which consists of two Gaussian wavepackets φj=R,L in
the region of px > 0 and px < 0, respectively. Each
Gaussian wavepacket takes a general form [55, 56] as
φj = ζ(pj)
∏
η
[( 2
piR2η
) 1
4 e
−( 1
R2η
− i2 ξη)(rη−Aj,η)2
×eipj,η(rη−Aj,η)
]
, (11)
where η = x, y stands for the spatial coordinates, Aη is
the center of mass position (in real space), Rη is the width
of the wavepacket, and ξη is introduced as the conjugate
variable for Rη, which is essential for the completeness
of this variational method [56]. The axial symmetry of
the dynamics allows us to assume that the two wavepack-
ets have the same Rη and ξη (independent of j = L,R),
which have also been confirmed by our GPE simulation
given reasonably weak interaction. In a semiclassical pic-
ture, the system LagrangianL =
∫
d2rΨ†(i ∂∂t−H)Ψ de-
rives the equations of motions (see details in Appendix
A) as
d
dt
Aj,η =
∂
∂pj,η
Ej,−,
d
dt
pj,η = −ω2ηAj,η, (12)
d
dt
ξη =
4
R4η
− ω2η − ξ2η,
d
dt
Rη = Rηξη, (13)
with α = α0 being time-independent and
dϕ
dt
=
1
2
(∂EL,−
∂α
cotα− ∂ER,−
∂α
tanα
)
+
∑
j,η
j
(
pj,η
dAj,η
dt
− 1
2
ω2ηA
2
j,η − Ej,−
−i〈ζ(p)|∂pηζ(p)〉
dpη
dt
|pη=pj,η
)
, (14)
where Ej,− = E−(pj) and j=L,R = ±1.
We choose the initial condition (at t = 0) of Eq. (12) as
Ax = Ay = 0 for both wavepackets (same starting point)
and small pL,x = −pR,x for the initial velocity under
slight axisymmetric perturbation in momentum space.
Such symmetry is actually preserved by the equations of
motion. The initial condition for Eq. (13) is obtained
from the minimization of system energy functional. The
trajectories generated by those equations are presented
in Fig. 6, in good agreement with the GPE results in
Fig. 3. Note that we also assume the equal splitting of
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FIG. 6. (Color online) Center-of-mass trajectories of the two
variational wavepackets in Eq. (10) in momentum space (left)
and real space (right). In momentum space, the two trajec-
tories accumulate a relative phase (represented by colors in
bar graph) from 0 at point A to pi at point B. In real space,
the two trajectories (blue and orange curves, respectively)
form a double-circle structure, with points A and B indicat-
ing the corresponding positions in momentum space. (a1,a2)
[(b1,b2)] are for δz = 0 Hz (3 kHz). The trajectories are
comparable to the GPE simulation results in Fig. 3.
condensate, or α = pi/4, given sufficiently weak interac-
tion.
We turn to discuss the dynamics of phase ϕ of the vari-
ational wave function. There are three different contri-
butions to the time derivative of ϕ—the first comes from
energy terms Ej,−, the second is related to the dynamic
parameters like center-of-mass position and momentum,
and the last is just the Berry connection AB, determined
together by the spinor wavefunction and time derivative
of momentum. Note that with the axial symmetry to
the y (and py) axis, all the terms related to energy and
other dynamical parameters, such as A2j and pj , vanish,
leaving only the last term on the RHS of Eq. (14), which
becomes
d
dt
ϕ = −i
∑
j,η
j
(
〈ζ(p)|∂pηζ(p)〉
dpη
dt
|pη=pj,η
)
. (15)
This is exactly the Berry phase defined on the ring loop
since∮
Lc
AB ·dp =
∮
L+R
AB ·dp = −
∮
L
AB ·dp+
∮
R
AB ·dp,
(16)
where the ring-shape loop Lc is divided into two parts
Lj , as for each part of the splitting condensate. The
integral direction of left hand side (L) is clockwise, hence
carrying a minus sign. The numerical solutions of ϕ are
illustrated in Fig. 6 (a1) and (b1) as the curve color.
In panel (a1), the two wavepackets acquires an opposite
6geometric phase as they encircle the loop. When they
encounter each other at point B, the accumulated phases
are ±pi2 , respectively, making a pi phase difference, which
results in a dark fringe . However, with an extra Zeeman
field δz, such phase difference never reaches pi at point B
[(a2)]. The contrast C defined in Eq. (9) is also evaluated
by the variation analysis, and the results (green dots)
are compared with those from GPE (blue dots) in Fig. 4.
They indeed show the same monotonic trend.
We remark that the variational method well captures
the physical features of the interference dynamics as well
as the geometric phase with much fewer variables than
the GPE simulation. Solving the semiclassical equations
of motion is also computationally efficient compared with
the GPE simulation. Such an analysis is particularly use-
ful for first searching a wide parameter region for exotic
physics, then followed by further confirmation with the
GPE simulation.
V. CONCLUSION
We have proposed and investigated a realistic approach
for conducting momentum-space Aharonov-Bohm inter-
ferometry in Rashba spin-orbit coupled Bose gases and
shown that the interference pattern measures the Berry
phase of Rashba energy band. Our approach utilizes the
ring structure of Rashba spectrum as the interferome-
try loop and the ultracold atoms tunability for trigger-
ing the motion of BEC wavepackets along the loop. With
the real-time GPE simulation for realistic 87Rb gases, we
have found that the density contrast of the interference
fringes directly indicates the Berry phase as a monotonic
function of Zeeman detuning. In particular, the pi Berry
phase of a Dirac point (without the detuning) is exhibited
by a robust dark fringe (or zero contrast) at the end of
interferometry loop. Additionally, we have modeled the
interference dynamics with a variational wavefunction of
splitting wavepackets and derived semiclassical equations
of motion for the most relevant dynamical factors. The
variational results have confirmed the trajectories in both
momentum and real space as well as the local geometric
phase acquired by the condensate along the momentum
trajectory. The complementary variational analysis and
GPE simulation well agree with each other.
Our study would provide guidance for ongoing exper-
imental effort measuring the Berry phase in ultracold
atoms with synthetic Rashba spin-orbit coupling. The
simulated density pattern in momentum and real space
(Figs. 2, 3, and 5) can be directly compared with the
time-of-flight and direct-imaging measurements, respec-
tively, in the experiment of 87Rb gases. Our analysis can
be extended to different experimental conditions such as
an anisotropic ring loop or a loop with several local min-
ima. The interferometry approach may find wide appli-
cations on various nontrivial energy bands as well as on
high-spin [57–63] systems.
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Appendix A: Semiclassical Equation of motion
We start from a single wavepacket and study its dynamics through deriving the semiclassical equation of motion.
We assume that the Zeeman field is relatively weak and the barrier at the center of the Rashba ring is not flattened
so that the condensate follows the band minimum in lower band. The normalized wavefunction ansatz can be written
as
φ = ζ(p)
∏
η=x,y
(
2
piR2η
) 1
4
e
−( 1
R2η
− i2 ξη)(rη−Aη)2
eipη(rη−Aη) (A1)
where Aη is the center-of-mass position, Rη is the width of the wavepacket, ξη is the conjugate variable for Rη and ζ(p)
is normalized spin wave function taken as the lowest eigenstate of H0. Now, we can compute the energy functional
E = E− +
∑
η=x,y
(
1
2R2η
+
1
8
ξ2ηR
2
η +
1
2
ω2η
(
A2η +
1
4
R2η
))
. (A2)
Note that we have ignored the interaction term at this momentum since it plays no important role in the dynamics
(we also require this to be a weakly interacting system) and E− is the eigenvalue of single particle Hamiltonian H0.
The system Lagrangian is defined as L =
∫
d2rφ∗(i ∂∂t −H)φ, that is
L =
∑
η
(
pη
d
dt
Aη −
R2η
8
d
dt
ξη + i〈ζ(p)|∂pηζ(p)〉
d
dt
pη
)
− E, (A3)
and correspondingly, EoMs are given by Lagrangian equations
d
dt
Aη =
∂
∂pη
E−,
d
dt
pη = −ω2ηAη; (A4)
7d
dt
ξη =
4
R4η
− ω2η − ξ2η,
d
dt
Rη = Rηξη.
Notice that, the term i〈ζ(p)|∂pηζ(p)〉 ddtpη does not have any contribution to the dynamics in our case, indicating it
may relate to Berry phase, which is already demonstrated in the main text. Meanwhile, EoMs for the conjugate pair
(Aη, pη) are the same if one takes E− as the Hamiltonian and applies Hamiltonian formalisms directly.
So far, the EoMs we got only concerns about a single dipole motion, and thus, it is suitable to describe the oscillation
or other motion when BEC does not split into two parts (or more).
To study the Berry phase, we must have two individual wavepacket interferences with each other. We presume
that the condensate will split into two parts φL (left) and φR (right). As they continue to move on the ring, they will
overlap at some point. In this case, the wavefunction of the whole condensate can be written as
Ψc = ΨL + ΨR = φLe
iϕ2 cosα+ φRe
−iϕ2 sinα, (A5)
where we use subscript c to denote a physical quantity when it combines both side (L and R) together and φj , j = L,R
is defined as
φj = ζ(pj)
∏
η
(
2
piR2η
) 1
4
e
−( 1
R2η
− i2 ξη)(rη−Aj,η)2
eipj,η(rη−Aj,η), (A6)
as the two wavepackets suppose to share the same conjugate variables (Rη, ξη). Typically, we have ωη  Ω so that the
translation symmetry is still keeping and R · (pL − pR) 1. With this approximation, the overall energy functional
is just the summation of that of two wavepackets
Ec = EL,− cos2 α+ ER,− sin2 α+
∑
η=x,y
(
1
2R2η
+
1
8
ξ2ηR
2
η +
1
8
ω2ηR
2
η +
1
2
ω2η
(
A2L,η cos
2 α+A2R,η sin
2 α
))
, (A7)
where we denote Ej,− = E−(pj) and this further gives the Lagrangian
Lc =
∑
η
(
pL,η
dAL,η
dt
cos2 α+ pR,η
dAR,η
dt
sin2 α− R
2
η
8
d
dt
ξη
)
− 1
2
dϕ
dt
cos 2α− Ec (A8)
+ i
∑
η
(
〈ζ(p)|∂pηζ(p)〉
dpη
dt
|pη=pL,η cos2 α+ 〈ζ(p)|∂pηζ(p)〉
dpη
dt
|pη=pR,η sin2 α
)
.
Before proceeding to derive the equations of motion, notice that Lc is independent of ϕ and only has one term
− 12 dϕdt cos 2α containing the time derivative of ϕ, indicating α is a constant. This can simplify the EoMs significantly.
Applying Lagrangian equations, one may find that the dynamics of classical momentum and position (center of mass)
for left and right side are independent of each other. Moreover, Rη and ξη still follow the same equation as before.
So, the essential part is the relative phase ϕ, which is govern by
dϕ
dt
=
1
2
(
∂EL,−
∂α
cotα− ∂ER,−
∂α
tanα
)
− (EL,− − ER,−) (A9)
+ (pL,η
dAL,η
dt
− pR,η dAR,η
dt
)− 1
2
ω2η
(
A2L,η −A2R,η
)
− i
∑
η
(
〈ζ(p)|∂pηζ(p)〉
dpη
dt
|pη=pL,η − 〈ζ(p)|∂pηζ(p)〉
dpη
dt
|pη=pR,η
)
.
Accounting for the interaction, one simply adds one more term in the energy functional,
fg =
1√
piRxRy
∫
d2r
(
g0|Ψc|4 + g2|Ψ∗cSΨc|2
)
. (A10)
However, the interaction does not affect the Berry phase here, though it may cause a non-zero dynamic phase.
Meanwhile, to avoid interaction-induced spontaneous symmetry break, which forces the condensate pick up one side,
we require the system to have a small interaction strength.
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